Background: The Skyrme energy density functional is widely used in mean-field calculations of nuclear structure and dynamics. However, its reliance on phenomenology may compromise its isovector properties and its performance for exotic nuclear systems.
I. INTRODUCTION
Interest in exotic nuclear systems is growing as new experimental facilities and techniques constantly expand the limits of known nuclei. Astrophysical models, of rprocess nucleosynthesis [1] and neutron stars for example, rely heavily on the properties of very exotic nuclei, many of which are unknown. To guide these searches predictive theories of nuclear physics are required.
However, one must face the significant challenges posed by the quantum many-body problem. This is further complicated by the interaction between nucleons, which is not well understood in-medium. For very neutron-rich nuclei the isovector properties of the interaction, which are far less known than the isoscalar channels, will become increasingly important.
One possible approach is to consider systematic applications of chiral effective field theory [2] to nuclear interactions and hence to nuclear structure. It is certainly appealing to develop such an approach based on the symmetries of quantum chromodynamics. Nevertheless, chiral perturbation theory does not yet allow systematic applications to structure and dynamics across the nuclear chart.
Self-consistent mean-field approaches based on nuclear energy density functionals (EDF) make the problem computationally tractable. The EDF approach relies on the * ellen.mcrae@anu.edu.au † cedric.simenel@anu.edu.au
Hohenberg and Kohn theorem [3] , according to which the nucleon density distributions uniquely determine the ground-state energy of the nuclear system. An energy density functional can be derived from an effective nucleon-nucleon force, for example the Skyrme interaction, and used at the mean-field level in a range of approaches based on Hartree-Fock approximations, which offer a unified description of nuclear structure and dynamics [4] [5] [6] [7] . However, this requires the introduction of some amount of phenomenology. For instance, the form of the density dependence of the coupling constants is essentially guessed. As a result, the Skyrme EDF contains a large number of parameters without clear physical meanings, compromising its predictive power when applied to very exotic systems.
Another difficulty in the Skyrme approach is that the strength of the spin-orbit coupling must be fitted to experimental data, such as the energy splitting between spin-orbit single-particle level partners. Such data are often not known away from stability. This leads to difficulties in determining the isovector dependence of the spinorbit force. It is thus desirable to develop approaches which would account for the spin-orbit interaction without requiring additional parameters. Indeed, including as little phenomenology as possible should improve the reliability of predictions for very exotic nuclei.
In fact, few models can predict the nuclear spin-orbit interaction, a relativistic effect which, unlike the electronic spin-orbit force, is not a small correction. As shown by Goeppert-Mayer and Jensen [8] , the inclusion of the nuclear spin-orbit coupling is essential for correctly predicting all magic numbers above 20. The strength of the spin-orbit interaction plays a role in determining the location of the superheavy island of stability [9] , as well as providing a dissipation mechanism which is crucial in heavy-ion collisions [10] .
Covariant energy density functionals offer another interesting approach to the nuclear many-body problem [11] . Being fully relativistic, they naturally generate a spin-orbit interaction and, if exchange terms are properly included, some isovector dependence [12] . However, as in the Skyrme EDF, the density dependence of the coupling constants requires some phenomenology, leading to a relatively large number of parameters needed to fit experimental data or pseudodata.
One promising avenue is to obtain the nuclear EDF by drawing on the high-energy degrees-of-freedom of the nuclear system through a self-consistent mean-field model of the in-medium modification of the quark structure of the bound nucleons: the quark-meson coupling (QMC) model [13] . The QMC model predicts both the central and spin-orbit channels of the effective nucleon-nucleon interaction, along with their isovector behaviour. This is achieved with a much smaller number of parameters than in standard Skyrme or covariant EDF approaches.
There exist many codes based on Hartree-Fock approximations and their generalisations that can be used to compute the properties of atomic nuclei and their reactions (see, e.g., [14] [15] [16] [17] [18] ). The majority of these codes are based on Skyrme functionals. To take advantage of the Skyrme framework, this work looks at the process of using the QMC model to fix the parameters of a Skyrme functional. With applications to exotic nuclei in mind, we focus on the importance of the isovector behaviour of the energy density functional and, in particular, the isovector dependence of the spin-orbit term as derived within the QMC model.
The philosophy of the QMC model is briefly outlined in Sec. II. Section III introduces the Skyrme energy density functional. A method for fixing the Skyrme parameters from the QMC model is then detailed in Sec. IV. HartreeFock-Bogoliubov (HFB) calculations are presented in Sec. V, along with an analysis of the level of success of this method. Finally, the spin-orbit functional and its importance for exotic nuclei is investigated in Sec. VI, including a comparison to the approach of standard relativistic mean-field (RMF) theory.
II. THE QUARK-MESON COUPLING MODEL
The quark-meson coupling model is a relativistic meanfield approach to the quantum many-body problem. Proposed by P. A. M. Guichon in Ref. [19] and since developed in Refs. [13, 20, 21] , the QMC model posits that the nucleon is not immutable and that modification of the internal quark structure by the nuclear environment is an important factor in modelling nuclear systems. In its simplest form, the model considers three valence quarks confined to an MIT bag [22] , which interact with the quarks of the surrounding nucleons via the exchange of σ, ω and ρ mesons. The ω and ρ fields are identified with the real vector-isoscalar and vector-isovector particles, respectively. The σ field is an effective representation of scalar-isoscalar exchange, including two correlated pions.
Thanks to its inclusion of quark degrees-of-freedom, the QMC model can be used to describe effects associated with the modification of the structure of hadrons in the nuclear medium. As an example, it proposes a possible explanation [23] to the famous "European Muon Collaboration" (EMC) effect, which involves the loss of momentum from valence quarks in a nucleus compared with a free nucleon. (Note that an alternate development by Bentz and Thomas has applied the same concept to the Nambu-Jona-Lasinio (NJL) model [24] , which allows a covariant formulation of the calculation of nuclear structure functions, with similar results [25, 26] .) The QMC model was also applied to the masses and properties of other hadrons immersed in a nuclear medium [27] , which amongst other things led to a remarkably successful description of hypernuclei [28, 29] . In particular, the QMC model naturally explains the virtual absence of a spin-orbit force in Λ hypernuclei, repulsion for Σ hyperons in nuclei and it predicted binding at the level of a few MeV for Ξ hypernuclei, for which the first evidence has recently been reported at JPARC [30] .
Beginning from a Lorentz-invariant Lagrangian density [13] of quark and meson fields, the system is solved self-consistently to give a non-relativistic energy density functional [20] which can be applied to the study of finite nuclei. The EDF can be written as
separated based on the occurrence of the total (neutron, proton) particle density, ρ (ρ n , ρ p ); kinetic density, τ (τ n , τ p ); and spin-orbit density, J (J n , J p ). The QMC EDF of Ref. [20] gives
One assumes experimental values for the free nucleon mass, M N , the ω and ρ meson masses, m ω and m ρ , and the isoscalar and isovector nucleon magnetic moments, µ s and µ v . This leaves only the σ meson mass, m σ , and a coupling constant for each of the three meson fields, G σ , G ω and G ρ , as free parameters in the model. The 'scalar polarisability', d, is a constant which describes the self-consistent response of the confined quarks to the applied scalar mean-field. It gives rise very naturally to the many-body interactions within the system of nucleons, as we see from the appearance of d in the denominators of Eq. (2).
In this work, as in Ref. [20] , for an appropriate choice of m σ (e.g. 700 MeV), the meson coupling constants are fixed using infinite nuclear matter pseudodata: the nucleon density, energy per nucleon, and symmetry energy at saturation (ρ 0 = 0.16 fm −3 , e ∞ = −15.85 MeV, and a s = 30 MeV, respectively). As the parameters are not determined by a fit to experimental masses and radii, the functional can be used consistently in both the intrinsic frame of a nucleus and the centre-of-mass frame of a collision between two nuclei [6] . Reference [21] on the other hand, fixes the free parameters of the QMC model through a fit to ground-state properties of nuclei, while ensuring consistency with nuclear matter properties within reasonable uncertainties, obtaining similar values.
III. THE SKYRME FUNCTIONAL
The Skyrme interaction began as a general form dictated by the symmetries that are required of the force between nucleons [31] . It has since been generalised to an energy density functional of local densities and currents up to second-order in derivatives. Separated into the terms of Eq. (1), the Skyrme EDF takes the form:
q=n,p ρ q ∇ 2 ρ q , and (8)
with eleven parameters x 0−3 , t 0−3 , α, W 0 , and W ′ 0 . These parameters are typically determined by a fit to nuclear equation of state properties and to the experimental masses and radii of a selection of atomic nuclei [5] . Most modern functionals also include uncertainties on their parameters [32] [33] [34] .
While Skyrme functionals remain a widely successful approach, the phenomenological nature of the traditional Skyrme functional can call into question its predictions for very exotic systems. Because of the correlations between parameters and the many choices of fitting procedure, which place an emphasis on different experimental data, many Skyrme parameterisations exist. They give conflicting predictions for the properties of very exotic nuclei [35] , with no clear winner.
IV. THE SKYRME-QMC FUNCTIONAL
Despite its limitations, the Skyrme functional is very convenient and the vast majority of Hartree-Fock codes are based on it. In an attempt to improve the predictive power of the Skyrme-Hartree-Fock approach, this paper determines the parameters of the Skyrme EDF using the QMC model. In essence, this is achieved by equating the terms of the QMC density functional [Eqs. (2 -5) ] to those of the Skyrme functional [Eqs. (6 -9)].
A. QMC700
A similar approach was adopted by Guichon et al. [20] to produce the QMC700 Skyrme parameterisation ("700" refers to the choice of m σ = 700 MeV). QMC700 was obtained by approximating the QMC functional [Eqs. (2 -5) ] with a simplified Skyrme EDF analogous to the SkM* parameterisation [36] . As a result, QMC700 had only 6 parameters (t 0−3 , x 0 , and W 0 ), setting x 1−3 = 0, W 0 = W ′ 0 , and α = 1/6 (see Table I ). Because of the reduced number of parameters, the H eff , H fin and H SO functionals of Skyrme and QMC were equated for only N = Z (assuming ρ n = ρ p ), to yield t 1 , t 2 and W 0 . The microscopically derived density dependence of the H 0+3 term of the QMC functional [Eq. (2) [20] . Out of 240 Skyrme parameterisations tested in Ref. [37] , QMC700 and QMC650 (a parameterisation derived identically but with m σ = 650 MeV) were two of only 16 parameter sets shown to satisfy all constraints (a range of nuclear matter properties derived from experiment).
B. QMC700*
The complicated density dependence of the QMC model [Eq. (2) ] cannot be well reproduced by a Skyrme functional with a single ρ α dependence as in Eq. (6). This is illustrated in Fig. 1 , which shows the equations of state for symmetric nuclear matter for various EDF parameterisations. By restricting the range of density used in the H 0+3 fit to ρ ∈ [0.12, 0.2 fm −3 ], the reproduction of the QMC functional is improved around saturation density where this bulk term will be most important (see also Table II). Hartree-Fock calculations of nuclear masses and radii show a corresponding improvement in performance as compared to QMC700. This refitting alters t 0 , t 3 and x 0 , and we label this new parameter set QMC700*. The other parameters remain unchanged, so that QMC700* has the same isovector properties as QMC700.
C. SQMC
Given that our aim is to study the isovector dependence of the nuclear density functional and its importance for exotic systems, we create one final QMCmotivated Skyrme force by extending QMC700* to include additional isovector parameters, x 1−3 and W for all densities and nucleon asymmetries, and improves the fit for H QMC 0+3 . This parameterisation is labelled "SQMC" and is the primary focus of this paper. It is consistent with the parameterisation of Ref. [38] (labelled SQMC (Wang) in the following) for the central terms. However, SQMC (Wang) does not include the second spin-orbit parameter, fixing W 0 = W ′ 0 , unlike the present version of SQMC.
D. Incompressibility
The incompressibility of symmetric nuclear matter has long been the subject of debate. The QMC model parameterisation in Ref. [20] has an incompressibility of 346 MeV, in line with most other relativistic approaches. For all Skyrme parameterisations discussed thus far (QMC700, QMC700* and SQMC), the density dependence is fixed with α = 1/6. This restricts the functionals to a lower incompressibility of around 220 MeV, consistent with many common Skyrme functionals, such as SLy4 [39] and UNEDF1 [33] .
To generate a QMC functional with an incompressibility closer to the QMC model, we use the spheri- cal Hartree-Fock-Bogoliubov code hfbrad [14] , which allows for two fractional density dependences in H 0+3 . This makes it possible to reproduce the full QMC functional very accurately over a wide range of densities, using α 1 = 1/3 and α 2 = 2/3, as shown in Fig. 1 . The resulting Skyrme parameterisation, labelled SQMC α1,α2
hereafter, shares the high incompressibility of the QMC functional. However, this parameterisation does not perform well, yielding binding energies approximately 60 MeV away from experiment for tin nuclei, as shown in Fig. 2 , due to the high incompressibility.
The incompressibility of the QMC is expected to be reduced by the inclusion of Fock terms involving pion exchange, reducing the incompressibility to be within the bounds recently deduced from an extensive review of experimental data in Ref. [41] of 250 -315 MeV. Indeed, the relativistic version [42] of the QMC EDF, including pion exchange, lowers the incompressibility from 340 MeV to ∼ 300 MeV.
As a non-relativistic version of the QMC model with finite range terms coming from pion exchange remains to be developed, and the high-incompressibility functional SQMC α1,α2 performs poorly, we will focus on QMC700, QMC700* and SQMC, where the restricted density dependence gives a low incompressibility and substantially more accurate results. Difference between calculated and experimental ground-state binding energies for A Sn nuclei using the SQMC α 1 ,α 2 parameterisation. The error bars are from the experimental data (Eexp) [40] .
V. ISOVECTOR EFFECTS
In the following, the isovector dependence of the SQMC functional will be investigated by comparing its behaviour to that of QMC700*, as the latter employs the same treatment of the density dependence, only differing in its exclusion of the four parameters {x 1−3 , W ′ 0 } in the fitting procedure.
Hartree-Fock-Bogoliubov codes are a class of microscopic mean-field approach which are well-suited to the study of exotic nuclear structure, as the treatment of pairing remains robust for weakly bound nuclei. All of the results that follow were calculated using the hfbthov2.00d code [16] , which allows for axial deformation. hfbtho also has all the properties required to properly implement the modern Universal Nuclear Energy Density Functional 1 (UNEDF1) [33] Skyrme parameterisation. UNEDF1 is used below as a representative of the current generation of phenomenological functionals and their level of accuracy.
Long isotopic and isotonic chains provide a large range of differences between proton and neutron number, useful for revealing trends in the isovector properties of the functionals. HFB calculations for the tin (Z = 50) and lead (Z = 82) isotopic chains, and the N = 126 isotonic chain give a systematic picture of each functional's performance. We compare our various theoretical calculations to the experimental binding energies reported in the 2012 Atomic Mass Evaluation (AME2012 [40] ), labelled E exp in what follows.
All calculations were performed without any centreof-mass corrections. Indeed the parameters of UN-EDF1 were fitted without these corrections so that it can be used both in structure calculations and in timedependent Hartree-Fock simulations of heavy ion collisions [6, 33] .
The mixed (surface and volume) pairing effective interaction takes the form
in the 1 S 0 channel with the pairing strength V 0 adjusted for each parameterisation to give a neutron pairing gap of 1.245 MeV for 120 Sn. UNEDF1 calculations use the proton and neutron pairing strengths prescribed in Ref. [33] . All calculations include the Lipkin-Nogami (LN) prescription for particle-number projection [43] . Figure 3 shows the ground-state binding energies for the experimentally measured even-even tin nuclei as calculated using the UNEDF1, SQMC and QMC700* parameterisations. Figures 4 and 5 repeat this analysis for the lead isotopes and for the N = 126 isotonic chain, respectively.
Comparing the results of QMC700* to SQMC it becomes apparent that while a single parameter (x 0 ) controlling the isovector dependence is adequate for nuclei close to symmetry, the extra terms included in SQMC quickly become significant for neutron-rich systems. Except for a handful of nuclei, the binding energies given by SQMC are significantly closer to experiment than those of QMC700*, supporting the isovector dependence microscopically derived within the QMC model.
The accuracy of the SQMC results is comparable to that of UNEDF1, especially away from stability. This is particularly remarkable when one recalls that no experimental masses were directly used in the production of the SQMC, only nuclear matter pseudodata and the QMC model. UNEDF1 on the other hand, included the masses of 108,112−124 Sn and 198−214 Pb in its fitting procedure [32] .
Also shown in Figs. 3 and 4 are the two-neutron separation energies, S 2n , for the same nuclei, where
Similarly, Fig. 5 shows the two-proton separation energies. While the trends are less clear for these separation energies than for the total binding energies, all three parameterisations perform well, generally lying within 2 MeV of the experimental data.
VI. THE SPIN-ORBIT FUNCTIONAL
The nuclear spin-orbit interaction is a manifestation of relativity. Non-relativistic models, such as the Skyrme interaction, must add it by hand. The isovector properties of the spin-orbit interaction have remained largely unknown, with little theoretical guidance available and significant difficulties faced extracting them from experimental data [5] . In the case of the Skyrme functional, the isovector dependence of the spin-orbit functional is controlled by the relationship between the two terms of Eq. (9), i.e. the ratio of the parameters W ′ 0 to W 0 . This ratio offers a convenient way to compare the predictions of different approaches, as done in Table III .
When only Hartree terms are considered the zerorange, two-body spin-orbit force of the Skyrme interaction necessitates that the resulting functional have only an isoscalar term, with W ′ 0 = 0. The inclusion of the Fock (exchange) term introduces an isovector dependence, however there remains only one spin-orbit parameter, as W ′ 0 is fixed equal to W 0 . While this is sufficient for a good fit near stability, a single degree-of-freedom allows for no control over the isovector dependence and no guarantee of reliability when extrapolating to exotic nuclei.
By relaxing the connection to the two-body Skyrme interaction, it is possible to introduce a second free spinorbit parameter at the level of the energy density functional. Though it was first proposed by Reinhard and Flocard in 1995 [45] , it was not widely utilised until the recent UNEDF parameterisations [32] [33] [34] . An extensive fit to medium and heavy mass nuclei yielded a significantly stronger isovector dependence for UNEDF1 (W ′ 0 /W 0 = 1.86) than standard Skyrme forces. In the QMC model the nucleons are assumed to move slowly and non-relativistic limits are taken to obtain the energy density functional. However, as the model is based upon a relativistic model of quarks and mesons, important relativistic corrections remain, chief among them the spin-orbit interaction. The spin-orbit interaction derived within the QMC model emerges from a combination of the variation of the vector meson fields (ω and ρ) across the finite nucleon, and Thomas precession, a purely relativistic effect induced when changing frames of reference. The resulting density functional [Eq. (5)] has no extra free parameters, unlike nonrelativistic approaches.
The microscopically derived isovector dependence of the (S)QMC functional is remarkably similar to that of the phenomenological UNEDF1 functional (see Tables I 140 Sn is already expected to have a significant impact on r-process abundances [35] . This illustrates that it is crucial to properly account for the isovector properties of the spin-orbit functional, as in- cluded in UNEDF1 and predicted in the QMC model.
B. Impact of deformation
The lower panels of Figs. 6 and 7 show the deformation of the mean-field ground-states in tin and lead isotopes. We observe that the effect of the isovector contribution to the spin-orbit functional is clearly enhanced by the presence of prolate deformation in neutron-rich nuclei ( isovector contribution to the spin-orbit functional will be the focus of a future study. We should point out that the deformations reported in Figs. 6 and 7 are those of the lowest energy mean-field state in the potential energy curve. In reality, the ground-state of soft nuclei is expected to be made of a superposition of mean-field states with various deformations. This is illustrated in Figs. 9 and 10 showing the potential energy versus the quadrupole deformation parameter β 2 in 196 Pb and 198 Pb nuclei, respectively, for UNEDF1, QMC700* and SQMC parameterisations. Interestingly, QMC700* and SQMC both predict an oblate minimum in 196 Pb while the UN-EDF1 minimum is spherical. In 198 Pb, all functionals predict a spherical minimum. However, all parameterisations predict a soft potential with respect to quadrupole deformation. An improved description of the groundstates in such nuclei would thus require beyond meanfield approaches such as the generator coordinate method (GCM) [46] [47] [48] [49] .
C. Comparison to relativistic mean-field
The term "relativistic mean-field" (RMF) encompasses a constantly expanding set of theories. The version discussed here is based on a hadronic Lagrangian of inert nucleons exchanging σ, ω and ρ mesons [44] . Like the QMC model, RMF is able to predict a nuclear spin-orbit interaction. However, it is often argued that, in RMF, Fock terms are negligible [5] and Dirac nucleon magnetic moments, µ p = 1 and µ n = 0, are used.
Once again we use the ratio W ′ 0 /W 0 to compare the isovector dependence of the spin-orbit energy density functionals in Table III . RMF gives a substantially weaker isovector dependence than the QMC model, UN-EDF1 and even standard Skyrme. RMF is very close to the Hartree value of W ′ 0 = 0, only deviating due to a small contribution from the vector-isovector ρ meson.
By keeping only the direct (Hartree) terms of the QMC spin-orbit functional and setting the nucleon magnetic moments to their Dirac rather than the experimental (µ s = µ p + µ n = 0.88, µ v = µ p − µ n = 4.7) values, one would obtain a similarly weak isovector dependence (Tab. III). This implies that the weak isovector dependence of RMF is primarily due to these two approximations: neglect of exchange terms and use of Dirac magnetic moments. These are approximations which are not required in the QMC model.
VII. CONCLUSION
The predictions of ground-state masses from the SQMC parameterisation are of a comparable level of accuracy to UNEDF1 for the studied systems, showing the promise of replacing some level of phenomenology with input from a more microscopic theory based on quark degrees-of-freedom. The isovector behaviour of the functional can be derived from the QMC model and is significant for exotic nuclei. It is remarkably similar to that of UNEDF1 and much stronger than RMF. This is significant because this dependence is an important factor, which must be taken into account in r-process calculations.
The SQMC functional may be used in any existing Skyrme-Hartree-Fock codes to study further exotic structure effects such as shell evolution, driplines or superheavy magic numbers. Also, using a time-dependent Hartree-Fock code, dynamic processes can be investigated, including reactions with exotic nuclei, fusion barriers, transfer and fission, revealing how they are affected by the high-energy physics upon which the QMC model is based.
It will also be possible to perform similar investigations using the original QMC functional, rather than the SQMC parameterisation, by modifying Skyrme-based Hartree-Fock codes to accept the more complicated density dependence of the central terms. Stone et al. [21] modified the static skyax code [50] in this way and used nuclear data to fix the few free parameters of the QMC model. They found its performance across the nuclear chart to be on a level comparable to a traditional Skyrme functional with many more parameters and particularly impressive for the masses of superheavy nuclei not included in the fit. A similar implementation in a time-dependent code will allow for a study of the giant monopole resonance to illuminate the issue of nuclear matter incompressibility and the importance of single pion exchange, among many other dynamic processes.
